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ABSTRACT
Delayed measurements can create difficulties for dis-

crete time filtering. A number of procedures have been
proposed to handle such delayed observations. A common
characteristic of these methods is the policy of always incor-
porating, or fusing, delayed measurements at the time they
are finally available. In this paper, we consider such meth-
ods, and develop thresholding techniques that result in de-
layed measurements being selectively fused. This selection
is driven by an assessment of the utility of incorporating
delayed measurements. With simulated and real data, we
show that selective fusion can reduce computational costs
while maintaining near optimal performance.

1. INTRODUCTION

Real-world applications of filtering are often subject to a
variety of sources of uncertainty and ambiguity. One such
problem is that data corruption mechanisms can often man-
ifest as non-negligible delays in the transmission or receipt
of the measurements. Here, we picture an agent receiving
continuous valued, discrete time measurements from decen-
tralized sensors. For a variety of reasons, some measure-
ments arrive significantly later than their time stamp, that
is, they are delayed. To this end the classical assumption
that measurements are available immediately is easily vi-
olated [1, 2]. A number of methods have been proposed
to address the problem of delayed measurements. All such
methods can be characterised as attempting to incorporate,
or fuse, delayed measurements when they are finally re-
ceived. However, no consideration has been given to the
important question of determining whether dedicating com-
putational resources to fuse delayed measurements is worth-
while. The objective of this paper is to explore precisely this
issue.
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Learning Agents for Decentralised Data and Information Systems) project
and is jointly funded by a BAE Systems and EPSRC (Engineering and
Physical Research Council) strategic partnership, under EPSRC grant
EP/C548051/1. We are grateful to Dr Alex Rogers, University of
Southampton, for introducing us to the local weather analysis problem,
and providing software for data acquisition.

In this paper we restrict attention to discrete time system
with state equation:

xt = Φtxt−1 + ηt, (1)

and measurement equation:

yt = Ctxt + εt. (2)

The random vectors εt, ηt are assumed to be Gaussian
and independent with E[εt] = 0, E[ηt] = 0, and E[εtε

>
t ] =

Rt, E[ηtη
>
t ] = Qt. Rt and Qt are the measurement and

system covariance matrices, respectively. For convenience,
and to isolate the character of the delay problem, both of
these matrices are treated as known throughout most of this
paper.

A useful concept for such a system is the signal-to-noise
ratio (SNR), defined as the ratio of a given signal to the
background noise of the transmission medium. In the sys-
tem above the we will define the SNR as ‖Qt‖

‖Rt‖ , where ‖·‖, is
the Frobenius matrix norm, ‖T‖ = trace (A>A), for matrix
T .

The Kalman filter estimates the process x, by using a
form of feedback control: the filter estimates the process
state at some time and then obtains feedback in the form of
the (noisy) measurements y. We can therefore describe the
Kalman filter operation with two steps: the prediction step
and the correction step [3]. Time update equations are re-
sponsible for projecting forward (in time) the current state
and error covariance estimates to obtain the a priori esti-
mates for the next time step:

Prediction Step

x̂t|t−1 = Φtx̂t−1|t−1 (3)

Pt|t−1 = ΦtPt−1|t−1Φ>
t + Qt (4)

where Pt|t−1 denotes the a priori estimate for the error co-
variance. The measurement update equations are responsi-
ble for fusing the new measurement into the a priori esti-
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Fig. 1. Delay mechanics. Left: random delay. Right: Con-
stant delay

mates to obtain improved a posteriori estimates:

Correction Step

Kt = Pt|t−1C
>
t (CtPt|t−1C

>
t + Rt)−1 (5)

x̂t|t = x̂t|t−1 + Kt(yt − Ctx̂t|t−1) (6)
Pt|t = (I −KtCt)Pt|t−1 (7)

The difference (yt−Ctx̂t|t−1) in Eq.6, is called the mea-
surement innovation, or the residual, and reflects the dis-
crepancy between the predicted (Ctx̂t|t−1) and the actual
measurement (yt). The K matrix is called the Kalman gain
or blending factor, and it is chosen as such to minimise the
a posteriori error covariance.

Our primary focus in this paper is those situations in
which entire measurement vectors yt are delayed. To incor-
porate delay, consider the measurement vector yt, delayed
(or lagged) by time δt, that becomes available to the agent at
time t + δt. We refer to the manner in which measurements
are delayed as the delay mechanics. The delay mechanics
provide the following fundamental distinction

• Constant (deterministic) delays.

• Random delays.

The problem of constant delay involves every measure-
ment vector being deterministically delayed by the same
constant lag. Such a delay mechanism never causes mea-
surement vectors to be observed out-of-sequence, they are
simply and consistently late. Such behaviour could be in-
duced, for example, by a constant bandwidth restriction on
a sensor network. In contrast, random delays provides for a
large number of possibilities, including that measurements
are delayed with a constant probability but fixed lag, or con-
stant probability and random lag. Such problems could arise
as a result of intermittent bandwidth restrictions on a sensor
network. All modes of random delay have the potential to
cause out-of-sequence measurements, such that t+ δt is not
constrained to be less than (t + s) + δ(t+s). Both constant
and random delay mechanics are illustrated in figure 1.

One simple characterisation of homogeneous delayed
measurements is as follows. First, consider constant delay.
The measurement vector at time t, yt, is not available to the
agent until t + δ, for δ ∈ {0, 1, 2, . . .}. Note that framework
includes both the non-delayed situation and the problem of

missing values as special cases. Next, consider random de-
lays. We still have yt+δt

, but δt is a realisation of some lag
random variable D. Different modes of random delay arise
from different probability distributions for D. For exam-
ple, consider the Bernoulli random variable D, with range
{0, δ}, for constant δ and all t, and

P (D = 0) = θ P (D = δ) = 1− θ

This is a random probability of delay, with a constant lag.
Alternatively, consider D ∈ {0, 1, 2, . . .}, with some proba-
bility mass function p providing P (D = δ) = p(δ; θ). This
is an example of random delay, with random lag.

Here, we restrict attention to homogeneous delay me-
chanics. Note that, in principle non-homogeneous cases,
in which the parameters θ governing the delay also have
a time-index, can be handled by the methods explored here.
Random delays also have the potential to cause no measure-
ment to be observed at some particular time point, and in
consequence, more than one measurement to be observed at
a later time point. For convenience, we ignore the potential
operational problems this could imply.

2. METHODS

It is striking that all methods proposed to handle delayed
measurements, including [1, 2, 4, 5, 6], have in common that
delayed measurements are always ultimately incorporated
into the filtering process. We have extensive simulation evi-
dence that suggests these methods often provide similar em-
pirical performance for a variety of delay mechanics. Un-
surprisingly, the performance of these methods is heavily
dependent on the SNR. More importantly, our simulation
results suggest that when the SNR is high there is little value
in incorporating delayed measurements. We should antici-
pate this property, since it is simply a consequence of the
system changing sufficiently rapidly that delayed measure-
ments are no longer relevant to the current situation.

Perhaps the crudest way of handling delayed measure-
ments is simply to use the k-step ahead forecast equations
to fill in delayed measurements, and never subsequently in-
corporate them. For example, if a single measurement is de-
layed, the 1-step ahead forecast is used, meaning the whole
standard correction step (Eq.6) can be skipped, and the oper-
ation of the filter continues normally to the next prediction
step. For the general case of k consecutive delayed mea-
surements, a k-step ahead forecast is performed, until new
measurements are received. We refer to this simple, miss-
ing value approach as MKF and use it is as a baseline for
performance assessment in experiments, since we certainly
need to out-perform at least this simple approach.

We consider three methods proposed for handling de-
layed measurements. The first, the so-called measurement
extrapolation Kalman filter (MEKF) is described in [7]. The



MEKF filter essentially computes and maintains a correc-
tion term that is added to the state estimation when the de-
layed measurement arrives.

The second algorithm, due to [8], operates in a sim-
ilar fashion to MEKF. This approach, that we abbreviate
ZKF, is designed to have minimum storage requirements,
in response to the large storage requirements many delay-
handling methods.

The final method, is the augmented state Kalman filter
(ASKF). This algorithm uses state augmentation, consid-
ered the classical approach for delay problems [9]. State
augmentation proceeds by increasing the state space repre-
sentation to accommodate delayed measurements. Specifi-
cally, the state of the system is represented as the augmented
state vector xα

t

xα
t = [x>t , x>t−1, . . . , x

>
t−∆],

where ∆ is an upper bound for the delay. If we suppose
that δt is the delay of the tth measurement, the measure-
ment vector at each time t becomes Yt = (ys∈S(t)), where
S(t) = {s : δs + s = t}. This augmentation procedure
leads to augmented forms for the matrices C,Φ, R, Q as
described by [9], and leads to an algorithm similar to the
standard Kalman filter. Note also that state augmentation
provides a natural means for considering components of the
measurement vector as differentially delayed.

Of the methods we consider, the ASKF using state aug-
mentation is the most general approach, since it can handle
all types of delay mechanics. Additionally, the whole algo-
rithmic description is quite clear, a fact that allows easy im-
plementation. However the computational complexity and
storage requirement of state augmentation increase linearly
with with the lag. The ZKF algorithm, by construction,
has a steady storage requirement, irrespective of the lag.
However both the storage and the computational require-
ment grow quadratically with the number of simultaneous
delayed measurements. MEKF, using measurement extrap-
olation, can also be regarded as efficient with respect to the
extra storage it requires, as it is steady and unaffected by
the delay length, due to its recursive nature. However, the
method is not generalised by [7] to the case of simultane-
ously delayed measurements.

The procedures considered here, and others, are similar
in that they all attempt to incorporate or fuse delayed mea-
surements, when they finally become available. As such
the methods retain certain optimality characteristics. How-
ever, as we have noted, there are resource consequences for
fusing delayed measurements. Our concern in this paper is
exploring the impact of selectively fusing delayed measure-
ments on both prediction performance and resource utilisa-
tion.

In the context of known measurement and system co-
variance matrices, we propose thresholding procedures, such

that delayed measurements that do not significantly alter the
estimates are disregarded. This decision can be made before
a delayed measurement is received by examining the vari-
ance of the innovations for the delayed measurements, since
this is connected to the impact of delayed measurements on
filter performance.

We modify each of the three methods described above
by introducing a threshold, called the fusion threshold (FT).
The norm of the variance of delayed measurement innova-
tions is compared with FT. Fusing only occurs when this
norm exceeds FT, meaning that it will significant impact on
the filtering procedure. We treat FT as a free parameter and
explore its impact for a range of values in Section 3.

For the MEKF algorithm, let TMEKF denote the covari-
ance matrix of the delayed measurement to be incorporated
at time step t + δt, for a previously delayed measurement
yt, and following the notation of [7]:

TMEKF = V ar(K(yint
s − Ckx̂k))

= K(CkPkC>
k + Rk)K>. (8)

This matrix is updated from the moment a measurement
is delayed up until either the measurement arrives or the
threshold condition is satisfied The matrix K is computed
as follows

Kδt
= M∗Ps|s−1C

>
s [CsPs|s−1C

>
s + Rk]−1 (9)

where, following [7]:

M∗ =
d−1∏
i=0

(I −Kk−iCk−i)Φk−i−1. (10)

The derivation of yint
t is also described in [7]. The thresh-

olding can be applied each time the matrix TMEKF is up-
dated, using the respective components of the product in
Eq. (10), to calculate K. At each time step that the delayed
measurement has not arrived, if ‖TMEKF‖ 6 FT then the
fusing procedure is dropped. Thus, all subsequent compu-
tations to update TMEKF are saved, and the operation of the
filter continues normally.

Following the notation of [8], the corresponding matrix
for the ZKF algorithm is:

TZKF = V ar(Ks(zs − Csx̂s|k)

= Ks(CsPs|kC>
s + Rs)K>

s (11)

where the Ks, Cs and Ps|k matrices are computed through
the recursion proposed in [8]. For ZKF we determine whether
to fuse delayed measurements according to the rule ‖TZKF‖ 6
FT .

For the ASKF algorithm, however, we can implement a
thresholding technique by restricting the augmentation size
to a fixed value. In this way, only those delayed measure-
ments with lag smaller than the current augmentation size



are incorporated. Delayed measurements with greater lag
will be automatically disregarded as missing values and han-
dled as in the MKF.

In the following section we describe experiments de-
signed to determine how the threshold value for MEKF and
ZKF, and the augmentation size for ASKF, affects the per-
formance of the algorithms.

3. EXPERIMENTAL ANALYSIS

Since our primary interest is complete measurement vec-
tors being delayed, it is sufficient to restrict attention to the
case of a univariate system equation, evolving as a random
walk, and a univariate measurement equation, both as per
equations (1) and (2) with known error covariances. Our
experiments have constant delay probability, θ = 1/2, and
the lag for delayed measurements is uniformly distributed
on the integers 1 to 10.

There are two aspects of performance to consider here.
First we need to measure the performance of the filtering
method. In our simulation results, we refer to the error of
a delay algorithm as the mean absolute difference between
the state estimates of the delay algorithm and the state es-
timates of the baseline Kalman filter, estimated on the true
non-delayed data. Our performance metric then computes
the ratio of this error measure to the corresponding error
measure of the MKF. The second aspect we have to account
for is the impact of incorporating delayed measurements.
We account for this by tracking the proportion of delayed
measurements that are actually incorporated.

The plots in Figure 2 display the ratio of the perfor-
mance measure on the vertical axis and the ratio of delayed
measurements on the horizontal axis. The left-hand side
plot refers to SNR=0.05, while the right-hand side refers to
SNR=0.25. In general, we see that performance degrades
when delayed measurements are not incorporated. How-
ever, the nature of this degradation appears to be related to
the SNR. For the smaller SNR, all algorithms exhibit sim-
ilar behaviour, and we see that 80% performance can be
obtained incorporating as few as 60% of delayed measure-
ments. For the greater SNR the degradation of performance
is less marked although the ZKF generally degrades faster
than the other methods. However, 80% performance can
still be achieved incorporating as few as 50% of delayed
measurements.

3.1. Selective Fusion in Multivariate Systems

The merits of not always incorporating delayed measure-
ments can be further extended to a multivariate system, by
selecting to not fuse only those parts of the delayed mea-
surement vector that have minimal impact.

Consider a multivariate system, with diagonal matrices

Q and R of size p × p for measurement and system covari-
ance respectively. In this case, we can define the per-variate
signal to noise ratio SNRi, by the fraction SNRi = qi

ri
,

where qi, ri, is the ith diagonal element of Q, and R re-
spectively. We restrict attention to diagonal cases since they
allow the immediate derivation of the SNRi quantity that
describes the SNR of each variate individually. Otherwise
more complicate procedure should be employed.

As noted above, state augmentation is a very general
procedure, and enables us to modify the ASKF to handle
components of a measurement vector individually. For the
ASKF algorithm we can augment the system partially for
those components of the delayed measurement for which
the SNRi has a sufficiently high value to further reduce
the computational burden. We call this technique reduced-
ASKF (R-ASKF).

To demonstrate the computation saving the R-ASKF al-
gorithm can achieve, we conducted a simulation of a 20
dimensional system, where delays occur randomly with a
probability of θ = 0.5, with lag between 1 and 10 uni-
formly likely. The SNR was constructed as SNRi = 10.1
for i 6 10, and SNRi = 0.1 for i > 11. This way half
of the variates should have more impact on the algorithm’s
performance, since their evolution is much more difficult to
track. This can be seen in Fig. 3, which illustrates the per-
formance of ASKF algorithms for different augmentation
sizes, plotted against the required computational effort. The
latter is determined by the augmentation size itself, since it
dictates the size of each matrix involved in the filter opera-
tion. The matrix size affects not only the computation but
also the memory requirements of the whole methodology.
As anticipated, the best performance is achieved by a pro-
cedure that augments only the first 10 variables since those
variables are the most important to incorporate when they
are delayed.

3.2. Local Weather Data Analysis

Local weather data analysis is an interesting application that
provides a good test case for selective delay fusion since de-
lays are inherent in this context. There are a vast number of
automated weather stations, both commercial and private,
that obtain and report a stream of measurements on a set me-
teorological characteristics. These stations typically report
measurements at fixed intervals, but because of imprecise
timing, the measurements are not synchronised. We have
used 5 such automated weather stations distributed around
Southampton, in the UK. These stations were queried for
measurements of wind speed and air temperature every mi-
nute between 1/02/2006 and 3/02/2006.

For simplicity we assume that measurements originating
from different stations are uncorrelated, whereas measure-
ments from sensors in the same station are considered fully
correlated. Furthermore we do not make any assumptions
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Fig. 2. The effect of ratio of the delays fused on the algorithms performance for a random delay length between 1 and 10.

for the latter correlation structure, but instead prefer to learn
it from historic data. As such we employ the Expectation
Maximization (EM) algorithm [10] on a Kalman filter oper-
ating on the initial 200 measurements obtained from station
si for i = 1, . . . , 5, to estimate the matrices Qi and Ri for
each station. These estimates of Qi, Ri are stacked together
into the block diagonal matrices Qf and Rf respectively,
and then embedded in the filtering procedure of the system
consisting of all five stations together. In real life applica-
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ments.

tions like this, fusing delays can be very important since it
will often be the case that gross system changes coincide
with delays. To illustrate this, in Fig. 4 we present an exam-
ple of filtering results on temperature measurement for one
of the stations, when filtering is done across all stations as
described above. In this case delays start to occur exactly
when there is a big jump in the obtained measurements (at
the 9th time step). We see that the ASKF approach dapts to
this large change more rapidly than MKF. The per station
SNR can be computed by SNRsi = ‖Qsi

‖
‖Rsi

‖ where ‖ · ‖ is a
matrix norm.
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From the estimated values for each Qsi and Rsi , we
have the following estimated SNRi:

SNR = {19.3339, 8.46144, 0.37551, 0.114866, 0.025552}

Experiments with different size of partial and full aug-
mentation produced the results in Fig. 5. The performance
curve for R-ASKF with augmentation size 8 that partially
augments (and subsequently fuses) only the first 8 compo-
nents of the system (SNRsi > 0.1).

As shown in Fig. 5 while full augmentation can main-
tain quite high levels of performance, it is not possible to re-
duce the computation effort by more than half. However, if
we employ the partial augmentation strategy of R-ASKF, by
choosing not to always fuse measurements originating from
stations 4 and 5, (as indicated by the estimated SNR above)
the computational requirements can be reduced down to one
third. In all cases performance remains at very high levels.

4. CONCLUSIONS

In this paper we have examined the problem of fusing de-
layed measurements in discrete time filtering. A notable
common feature of all the methods proposed to handle the
delay problem is that delayed measurements are always in-
corporated when they finally arrive.

Our experimental analysis draws attention to an impor-
tant issue that has not been fully explored to date. Specifi-
cally, we have investigated the relationship of the signal-to-
noise ratio to the relevance of delayed measurements. This
relationship can have significant impact on the performance
of the considered methods, and since they have different
characteristics, probably extends to all similar approaches.

Our results show that fusing delayed measurements can
sometimes be worthless. To address this problem, we pro-
pose a thresholding technique to selectively incorporate only
those delayed measurements that will improve the perfor-
mance of the filter. In both simulated and real world scenar-
ios, we show that most of the filtering performance of delay-
handling algorithms can be maintained by fusing few de-
layed measurements, especially as the SNR ratio increases.
In future work we intend to develop methods for the auto-
matically determining the fusion threshold.
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