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ABSTRACT
Variable selection can be valuable in the analysis of stream-
ing data with costly measurements, as in intensive care mon-
itoring or battery-powered sensor networks. In the presence
of drift, selections must be constantly revised, calling for
adaptive variable selection schemes. An important and novel
problem arises from the fact that non-selected variables be-
come missing variables, which induces bias upon subsequent
decisions. Here, we consider adaptive variable selection in
the context of linear regression, using only a fraction of the
available regressors per timepoint. We suggest a scheme
that fits a multivariate Gaussian over a sliding window us-
ing the EM algorithm and selects which variables to observe
next using the Lasso algorithm. We experiment with simu-
lated and real data to demonstrate that very high prediction
accuracy may be retained using as little as 10% of the data.

Categories and Subject Descriptors
G.3 [Mathematics of Computing]: Probability and Statis-
tics—correlation and regression analysis, multivariate statis-
tics, robust regression; I.2.6 [Artificial Intelligence]: Learn-
ing; H.4.2 [Information Systems Applications]: Types
of Systems—decision support

General Terms
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In the analysis of streaming data, existing learning prob-
lems, such as parameter estimation and model selection,
pose new difficulties; the main challenge being to provide
online learning algorithms that keep continuous track of
incoming data, revising their models to account for drift.
Here, we are interested in the classical problem of regressing
a response to a set of predictor variables using only a small
number q out of a total of p regressors. In the streaming
data context, this calls for a scheme that, at any given time-
point, decides which regressors to observe next to minimise
prediction error, on the basis of the recent history of the
process — observed only partially, according to previous se-
lections. This problem, which we call Adaptive Variable Se-
lection for Regression (AVS-R), has strong links to several
distinct learning problems and many natural applications;
however, to the best of our knowledge it has not been ad-
dressed in the literature. We assume for simplicity that the
regression is linear and that the number of regressors to be
used at each tick is fixed in advance by the user.

Static variable selection for regression (see [8] for a review)
is a classical topic, motivated by concerns that too many pre-
dictors may lead to loss of interpretability and overfitting,
as well as by physical constraints on the total cost of mea-
surements. The relevant literature has been dominated by
two strands; one tailored to linear regression (e.g. [15]); the
other more akin to Bayesian model selection (e.g. [1],[2]).
The Lasso [16] is a notable success associated with the for-
mer approach: a robust constrained optimisation approach
to sparse learning, and the method we adopt here.

Beyond the static case, it is important to distinguish be-
tween incremental variable selection schemes, wherein the
choice of important predictors is viewed as a label learnt
online (e.g. [12]) and schemes such as ours, wherein that
choice becomes a decision about what to measure next. In
this latter case, a version of the ‘exploration-exploitation’
dilemma of Reinforcement Learning [14] is raised: the im-
mediate reward of observing predictors that are known to
be correlated must be balanced against the need to explore
the rest of the space; a problem exacerbated by the presence
of drift.

A notable artefact is the bias that previous selection steps
impose on subsequent ones, by concealing parts of the his-
tory of the process: non-selected regressors become missing
values. Literature concerned with the bias of inference af-
ter variable selection treats variable selection as a one-off
decision and accordingly mostly offers large-sample correc-
tions based on asymptotics [19]. Such results are not par-
ticularly informative about the effects of cumulative small-



sample bias, which characterises AVS. We hence turn to the
problem of inference with missing data, classically discussed
in [11]. Standard approaches there include Multiple Impu-
tation methods and the Expectation-Maximization (EM) al-
gorithm [3], which we use here. The performance and theo-
retical guarantees of these methods is known to depend on
the qualities of the missingness mechanism. The case where
a user-specified variable selection model provides the miss-
ingness mechanism has not been adressed.

AVS-R has natural applications in fields where there is
a time-lag between the arrival of the predictors and the
response (e.g. gambling or sequential trials in medicine).
A notable application lies with the growing field of Adap-
tive Query Processing (AQP) in battery-powered sensor net-
works [10], where the values of important sensors must be
filtered, or predicted if at fault, using measurements from
small, chosen sets of correlated sensors. Although the con-
nections of AQP to both model-based variable selection and
reinforcement learning have been recognised and the use
of Gaussian distributions suggested ([4], [9], [5]), there has
been no suggestion of a scheme that simultaneously tracks
and selects. In this paper, we suggest precisely such a scheme,
based on a windowed application of the Lasso and EM algo-
rithms. We investigate and discuss the performance of our
scheme against a simulated dataset, as well as a real dataset
containing temperature readings from 60 weather stations
across the UK, with promising results.

2. FRAMEWORK
We consider datastreams of the form:

(y1, X1), ..., (yt−1, Xt−1), (yt, Xt), ...

where each Xt is a p-dimensional vector of regressors and
yt a univariate response. In AVS-R, our aim is, at each
tick of the clock, to select which q < p regressors we should
observe so as to predict yt with minimal error. We denote
our selection at time t by γt; the partial observation that

results from this selection by X
(γt)
t ; so that we may form

our prediction ŷt given X
(γt)
t . Note that in deciding what

to observe at time t, only the incomplete or opaque1 history
of partial observations denoted by Hγ

[1,t−1], is available, as

opposed to the complete or transparent history H[1,t−1]:

Hγ
[i,j] = ((yi, X

γi
i ), (yi+1, X

γi+1
i+1 ), ..., (yj−1, X

γj−1
j−1 ), (yj , X

γj

j ))

H[i,j] = ((yi, Xi), (yi+1, Xi+1), ..., (yj−1, Xj−1), (yj , Xj))

In this notation, an AVS scheme consists of specifying a
selection function S and a regression function f :

Selection: γt = S(t, Hγ
[1,t−1]);

Regression: ŷt = f(t, Hγ
[1,t−1], X

(γt)
t )

Note that, naturally, the computational requirements of ei-
ther function must be asymptotically constant with t. More-
over, in the current work, we are assuming f to be linear.

2.1 The EM-Lasso scheme for AVS-R.
The range of possible AVS schemes can be narrowed down

for the purposes of a first investigation by insisting that S

1We follow [17] in using the terms ‘opaque’ and ‘transparent’
to distinguish between the two problems.

and f depend on the history only through a common sum-
mary statistic θt, which we set to be the mean, µ(t), and co-
variance, Σ(t), of the joint distribution of the response and
covariates (yt, Xt). Our particular proposal then consists
of using, at time t, the EM algorithm to produce estimates
(µ̂(t), Σ̂(t)) on the basis of the l most recent (partial) obser-
vations; then using these as inputs to the Lasso algorithm
to determine the current selection γt and the prediction ŷt

on the basis of X
(γt)
t . As the estimation problem is dif-

ficult and subject also to numerical instability issues, we
additionally regularize the covariance estimates by setting
Σ̂(t) ← λΣ̂(t) + (1− λ)I for λ = 0.001.

Note that the size l of a sliding window is an important
quantity in drifting data streams: too large a window may
lead to model mis-specification, whereas too small a win-
dow invites overfitting [18]. Here, we control this parameter
offline, with a view to fitting it to the data in future work.

2.2 The Lasso algorithm
The Lasso algorithm [16] is proposed under the assump-

tions of linear regression with normal errors:

y = βX + ε, εt ∼ N(0, σ),

which hold under our multivariate Gaussian hypothesis. It
is unique among other variable selection techniques in that it
can be formulated as a convex optimisation problem, hence
circumventing the exponential search implicit in classical,
stepwise variable selection techniques.

Given a complete training dataset (yi, Xi)
n
i=1 of standard-

ised, zero-mean i.i.d. instances of the problem, the algo-
rithm computes the Lasso-regression coefficients, β(L1), by
minimising the weighted sum of the residual sum of squares
and the absolute values of the regression coefficients (i.e.,
the L1-norm of the regression vector):

β(L1) ← argmin
β

( 
nX

i=1

(yi − βXi)
2

!
+ λ

pX
j=1

|βi|

)
(?)

It is a well-known fact that L1-norm penalties naturally fa-
vor sparse solutions [7], the size of the hyperparameter λ be-
ing closely related to the dimensionality of the learnt model
(i.e. the number of regressors to be included). In fact, in
recent work [6] an implementation of the Lasso has emerged
which, starting from the full set of regressors (for λ = 0),
produces the full solution path of the Lasso as λ increases,
eventually reaching the empty set in an almost monotonic
fashion — i.e., variables are almost never added after dele-
tion. These deletions ‘punctuate’ the continuous solution
path, summarising it in p regression vectors: one for each
dimensionality. There remains of course to choose the di-
mensionality: here, we assume it user-specified, and intend
to address the difficult problem of learning it in future work.

Note that Lasso performs shrinkage as well as selection:
β(L1) will act only on a subset γ of selected regressors by
means of its non-zero entries, but will still differ from the
vector obtained by performing ordinary least squares on
(yi, X

γ
i )n

i=1. Note also that (?) uses the data only in com-
puting the standardised sample covariance. It was hence
possible, with minor amendments, to use estimated correla-
tion matrices as input to an existing implementation [13].

2.3 The EM algorithm



The EM algorithm [3] is a procedure for maximum like-
lihood inference in the presence of missing data. Starting
from a user-specified estimate of the ML parameter values,
θ(0), it employs an iterative update step, each time choosing
θ(i + 1) to maximise the expected log-likelihood of the ob-
served data, where the expectation is taken over the missing
data with respect to the current estimate θ(i). We apply this
procedure on the incomplete history Hγ

[t−l,t−1], under the as-

sumption that these are i.i.d. samples from the multivariate
Gaussian distribution of (yt, Xt), to obtain an estimate of

the mean and covariance (µ̂(t), Σ̂(t)) of the distribution.
At this point we must note that EM is only guaranteed to

converge to a locally optimal solution whenever the missing
data are missing at random; a condition that holds, roughly
speaking, whenever the missingness mechanism cannot use
the values the missing variables would have had, had they
been observed [11]. This condition is here violated: missing-
ness depends on selections made on the basis of past win-
dows of estimation, which only partially overlap with the
current window of estimation, and hence may contain addi-
tional information about regressors that are currently miss-
ing. Hence, the missingness mechanism at any given time
‘sees more’ of the process than just the observed data in the
current window of estimation. We do not discuss this any
further here, noting it as the key problem for the future.

A further interesting property of the EM algorithm as
applied to covariance estimation is that, at each iteration,
it will only update covariance entries, Σi,j , for which vari-
ables xi, xj have been jointly observed at least once in the
training dataset. In our scheme, we initialise at the pre-
vious window’s estimates causing a possible feedback loop:
uncorrelated predictors cease being observed; they are then
assumed to remain uncorrelated and are hence not revisited.
Our scheme can therefore be expected to be conservatively
‘sticky’: once it locates a good subset, it will be reluctant to
move away from it unless its performance deteriorates. This
behavior is indeed confirmed in experiments.

3. EXPERIMENTATION
We experimented with both simulated and real data. The

simulated dataset was created by drawing (yt, Xt)
900
t=1 from

a multivariate Gaussian N(µ(t), A′
tAt), where the mean µ(t)

and the upper-triangular Cholesky factor At follow a damped
matrix random walk. We kept p small (p = 16) so as to also
implement Best Subsets. The real dataset consisted of tem-
perature readings collected by Weather Underground, Inc.2

from 60 weather stations throughout the UK over a period
of 5 days. Each variable (weather station) is recorded in
irregular times, ranging roughly from 2 to 15 minutes. Our
scheme cannot currently accommodate this, so we used lin-
ear interpolation3 to obtain a 480× 60 regular dataset.

Performance in this context for a given dataset is naturally
measured by prediction error per tick:

(ŷ1 − y1)
2, ..., (ŷt − yt)

2, ...

(Recall that yt is the response at time t and ŷt is our estimate
of it on the basis of selected observations from the vector of
regressors Xt). It is however difficult to draw conclusions

2http://www.wunderground.com.
3We separate the time index into 15 minute intervals, take
the mean of the observations over each interval and record
it as a single observation located at its midpoint.

from this long, highly volatile sequence of numbers. To do
so, we employ a combination of benchmarking and averaging.

Assessing relative performance against benchmarks allows
us to separate out several distinct sources of error: sample
uncertainty, changing stream dynamics, cumulative selec-
tion bias, local minima in the EM procedure and so on. Each
benchmark scheme is defined by a procedure for estimating
(µ̂(t), Σ̂(t)) and a procedure for using these estimates to se-
lect and predict. Here, we distinguish among opaque estima-
tion, which uses EM on the incomplete window Hγ

[t−l,t−1];

transparent estimation, which forms the maximum likeli-
hood estimator using the complete window H[t−l,t−1] and
oracle estimation, which is available only for simulated data
and uses the true parameters (µ(t), Σ(t)). As for the selection
and regression functions, we compare the Lasso with:

• best (for p < 17) — exhaustive search for the subset
against which the response has the lowest conditional
variance, as computed from Σ̂(t);

• random — choose at random;

• full — use all covariates;

• mean — use no covariates, simply predicting yt = µ
(t)
y .

In the weather data, we also consider regressing on the q
geographically nearest stations.

We also employ two averaging operations: a sample av-
erage and a time average. In the simulated datasets we
could in principle use a sample average to estimate the mean
squared error per tick. In practice, this is intractable since
we would have to average over all possible past histories
(not just windows) at each timepoint, since current error
is conditional on past decisions. Thus, we approximate the
conditional mean squared error instead, averaging at each
tick over several instances of the current window of estima-
tion only (also obtaining an estimate of the variance of the
error). Moreover, to capture the additional variability of
schemes that involve random choice, we average over dif-
ferent outcomes of such choices as well, as part of forming
the sample average per tick. The resulting bias/variance se-
quences are smoother and easier to interpret when plotted.

We may also average over time instead to come up with a
single number for each scheme. This is particularly useful for
the real datasets, where sample averaging is not an option.
However, time averaging must still be used with some care,
since there is no guarantee of ergodicity in the presence of
drift. Finally, when taking both a sample and a time average
for simulated data, we perform these in the said order.

3.1 Results
In Figure 3, we plot the percentage of the variance ex-

plained against the percentage of data used. In real datasets,
the former is measured by 1 minus the ratio of the (time av-
eraged) error of each scheme over that of mean imputation.
In simulated contexts, as in Table 1, the variance of the re-
sponse is fixed at 1 so that no such scaling is necessary. The
percentage of data used is given by q

p
where q is the number

of regressors used and p the total number of regressors.
A comparison of the performance of opaque Lasso against

that of full regression allows us to make the key observa-
tion that high prediction accuracies may be retained with
fractionally less data: opaque Lasso can explain more than
97% of the variance in the response with as little as 20% of



the data, featuring a drop of only 1.5% from full regression’s
98.5% (Figure 3). This may be explained by the fact that
as more regressors become available, the estimation task be-
comes more difficult and hence the gain in prediction accu-
racy decays. Indeed, for large values of p (but not for small
ones), full regression could not gain significant advantages
over opaque lasso by adjusting window size, as overfitting
gave way to model mis-specification, in either case forcing a
poor model fit. In contrast, for smaller values of p where the
estimation task is manageable, full regression outperformed
opaque Lasso by as wide a margin as 22% (Table 1).

Opaque Lasso performs much better than random selec-
tions: in the real data, it attains the same prediction ac-
curacy with 5% of the data than opaque random selection
attains with 50% (Figure 3). In addition, it does so with
much lower variance (indicated by the dotted lines in Fig-
ure 1). Also, it outperforms geographical selections (Figure
3): a noteworthy result, since in weather temperature data
geographical location is very strong domain knowledge. In
fact, it is interesting to note that our scheme seems to be ex-
tracting different features of weather space in achieving such
performance: no significant preference is given to neighbor-
ing over non-neighboring stations (Figure 2).

The choice of Lasso as a ‘selector module’ may be assessed
by comparing it with the exponentially slow Best Subsets
search in simulations. In the oracle context, where the prob-
lem of estimation is eliminated, Best Subsets is indeed by
far best (Figure 1). In contrast, for both transparent and
opaque estimation, Lasso selections perform similarly to best
subsets: an exhaustive search of the regression space is not
necessarily optimal, as it is also more sensitive to poor esti-
mation. This is indicated by the relatively high variance in
Best Subset predictions (Table 1) and emphasizes the fact
that the exponentially large search space may not be the
dominant obstacle in small-sample variable selection.

We now focus on dynamic behavior. The stickiness ef-
fect alluded to earlier is indeed manifested: the transparent
Lasso (no selection bias) is far more exploratory than the
Opaque one (selection bias), as Figure 2 establishes. Sur-
prisingly, the two schemes perform comparably, although
one uses fractionally less information than the other. This
is less surprising on second thought: the ‘sticky’ behavior of
the EM-Lasso gives it the chance to base its predictions on a
small but highly predictive part of the space that it becomes
capable of estimating well. This is not the case when the
selections are changing very fast as in random selections,
which explains the much larger difference between opaque
and transparent performance there. Finally, although sticky,
our scheme remains adaptive: an animated version4 of Fig-
ure 2 showing the selection per tick reveals that our scheme
will occasionally enter periods of exploration leading up to
it getting ‘stuck’ again, but at a different part of the space.

4. CONCLUSIONS
In this paper, we introduce the novel problem of adaptive

variable selection for regression in multivariate data streams
and explain how techniques and notions from static variable
selection and inference with missing data may be brought to
bear on it. We suggest a scheme that regresses a response
variable on a small number, q, out of a total p of available re-

4http://imaa-dtasouli.imaa.ic.ac.uk/∼christoforos/supps.html

Table 1: Average Errors in Simulated Dataset.

Identity of Scheme Av. error ±
√

variance

Opaque Lasso (4/16 regressors) 0.59 ± 0.14
Opaque Random (4/16 regressors) 1.03 ± 0.44

Opaque Best (4/16 regressors) 0.60 ± 0.18
Transparent Full 0.37 ± 0.18

Oracle Best 0.10 ± 0.0

Figure 1: A plot of the average error per tick
(solid lines) ± respective standard deviations (dot-
ted lines), for the simulated dataset, using 4 out of
16 regressors. Table 1 contains the time averages.

gressors using the EM and Lasso algorithms and investigate
its behavior in experiments with synthetic data and a real
dataset of temperatures collected from around the UK over a
period of 5 days. Our experiments suggest that high predic-
tion accuracy may be retained using as little as 20% of the
data, by focusing in on a small set of important regressors,
regularly revising this set to adapt for drift. Several chal-
lenges remain unmet, which we intend to address in future
work. First, we will be looking for ways to assess and over-
come the bias in the EM estimates caused by informatively
missing data. Second, as our scheme is liable to underex-
plore at times, we may be able to ‘tune’ its behavior using
ideas from Reinforcement Learning. Moreover, a great chal-
lenge will be to drop the assumption of a window in favor
of ‘forgetful’ incremental schemes. In a different direction,
we would like to explore Bayesian imputation and variable
selection, aiming at schemes that scale better with the di-
mension of the stream. Finally, we aim to study schemes
that also optimise the dimensionality, q, in adaptive ways.
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