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ABSTRACT

We consider situations in which the measurements an agent
expects to receive are prone to delay. A number of procedures
have been proposed to handle such delays. These procedures
provide extended frameworks that incorporate delayed mea-
surement once available. In a simple context, we explore the
performance of these algorithms, and find that we can reduce
the computational demands of these methods while retaining
good performance.

Index Terms— Delayed measurements, out-of-sequence
measurements, discrete time Kalman filter

1. INTRODUCTION

Most work on tracking and filtering is built on the standard
assumption that measurements are available immediately to
an agent. However, it is not difficult to conceive situations
in which measurements are subject to non-negligible delays,
such that the lag between measurement and receipt is of suf-
ficient magnitude to impact on estimation.

This paper is concerned with methods for handling de-
layed measurements in the context of the simple discrete-time
Kalman filter. The delay mechanics, the manner in which
measurements are delayed, provides a fundamental distinc-
tion. The problem of constant delay involves every measure-
ment being delayed by the same, constant lag. In this way
measurements are never observed out of sequence, they are
simply and consistently late. Such behaviour could be in-
duced, for example, by a constant bandwidth restriction on
a sensor network. In contrast, random delays provides for a
number of possibilities, including that measurements are de-
layed with a constant probability but fixed lag, or constant
probability and random lag. Such problems could arise as a
result of intermittent bandwidth restrictions on a sensor net-
work. All modes of random delay have the potential to cause
out-of-sequence measurements (for example, see [1]). Both
types of delay mechanics are illustrated in figure 1.
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Fig. 1. Delay mechanics. Left: random delay. Right: Con-
stant delay

In § 2 we give a more precise description of the prob-
lem. Much of the literature devoted to delay problems con-
siders specific examples of delay mechanics and derives opti-
mal (typically in the sense of minimum variance) estimators.
Three of these methods are briefly described in § 3. We re-
strict attention to the case of the whole measurement vector
being delayed. Some approaches are more general, treating
the measurement vector as a collection of subvectors subject
to independent delays. The more challenging problem of ele-
mentwise delay is explored in [2].

However, as fas as we are aware no comparative review
or study has ever been conducted about the delay problem,
in any context. Our extensive simulations suggest that there
is often little to choose between these methods. A particular
feature is that it is sometimes the case that incorporating de-
layed measurements is not useful. In this paper, we describe
methods for determining whether to incorporate delayed mea-
surements in these algorithms. In §4 we describe results of
these methods in simulation. Finally, in § 5 we make some
concluding remarks.

2. FRAMEWORK

The standard Gaussian formulation for the discrete-time dy-
namic linear model, relates the measurement vector y; to the
unobserved system vector z; with the equation

yr = Crry + & (D

for t = 0,1,..., where the random vector innovation
€ ~ N(0,R;). The evolution of the system vector follows
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a random walk
Tt = PsXy_1 + Vg 2)

where the random vectors v, ~ N(0,Q;), and both €; and
v, are serially uncorrelated. In this work we regard the mea-
surement and system covariances, R; and (Q; respectively, as
known. A useful concept with such a system is the Signal-to-
noise ratio (SNR) defined as the ratio of a given signal to the

background noise of the transmission medium. In the formu-
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The Kalman filter estimates the process x, by using a
form of feedback control: the filter estimates the process state
at some time and then obtains feedback in the form of the
(noisy) measurements y. We can therefore describe the Kal-
man filter operation with two steps; the prediction step and the
correction step [3]. The time update equations are responsible
for projecting forward (in time) the current state and error co-
variance estimates to obtain the a priori estimates for the next
time step ¢, using all the previously received measurements
t—1):

lation above we define the SNR as

Prediction Step
Quy 1111 3)
P 1P + Qy “4)

where P;;_; denotes the a priori estimate for the error covari-
ance at time ¢, give all the information available up to time
t — 1. The measurement update equations are responsible for
fusing the new measurement y; into the a priori estimates to
obtain improved a posteriori estimates:

Tijt—1 =
Pt|t71 =

Correction Step

Ky = Pypu_1Cf (CiPy—1Cf + Ry) ™! (%)
Typ = Byp—1 + Ke(ye — Cidgp—1) (6)
Pt\t = (I - Ktct)Pt|t—1 (7N

The difference (y; — Cy@4¢—1) in Eq.6, is called the mea-
surement innovation, or the residual, and reflects the discrep-
ancy between the predicted (Cy#y;—1) and the actual mea-
surement (y;). The K matrix is called the Kalman gain or
blending factor, and it is chosen as such to minimize the a
posteriori error covariance.

In the context of this framework delay can be charac-
terised as follows. First, consider constant delay. The mea-
surement vector at time ¢, y,, is not available to the agent until
Yi+q (thatis, it has lag d), ford € {0,1,2,...} and all t. Note
that this includes both the non-delayed situation and the prob-
lem of missing values as special cases. Next, consider random
delays. We still have ;. 4, but d is a realisation of some lag
random variable D. Different modes of random delay arise
from different probability distributions for D. For example,
consider the Bernoulli random variable D, with range {0, d},
for constant d, and

P(D=0)=0 PD=d) =1-10

This is a random probability of delay, with a constant lag.
Alternatively, consider D € {0,1,2,...}, with some prob-
ability mass function f providing P(D = d) = f(f;0).
This is an example of random delay, with random lag. We
restrict attention to homogeneous delay mechanics, although
non-homogeneous cases are also of interest. Note that ran-
dom delays have the potential to cause no measurement be
observed at some time point, and in consequence, more than
one measurement to be observed at a later time point. For con-
venience, we ignore the potential operational problems this
could imply.

3. METHODS

All methods proposed for the delay problem, including [4, 5,
6,7, 8], have in common that delayed observations are always
ultimately incorporated into the filtering process. We have ex-
tensive simulation evidence that suggests these methods pro-
vide similar empirical performance under varying characteris-
tics of delay mechanics. Their performance however, is heav-
ily depended on the SNR. Our simulations suggest that when
the SNR is high, there is little value in incorporating delayed
measurements. This should be unsurprising, since it is simply
a consequence of data changing so rapidly that delayed data
is no longer relevant.

Perhaps the crudest approach is simply to use k-step ahead
forecast equations to fill in delayed values, and never to at-
tempt to subsequently incorporate delayed measurements, when
they become known. If a measurement is delayed, the whole
correction step can be skipped, and the operation of the filter
continues normally to the next prediction step. For the general
case of subsequent k£ delayed measurements, a k-step ahead
forecast is performed, up until new measurements start to be
received. We refer to this approach as MKF and use it is as
part of our performance assessment in the next section, since
we certainly need to out-perform at least this approach.

In the context of known measurement and system covari-
ance matrices, we can construct thresholding procedures, such
that delayed measurements that do not alter the estimates sig-
nificantly, when they are eventually observed, are disregarded.
Such a decision can be made even before a delayed measure-
ment is received by examining the variance of the innovations
for the delayed measurements.

We consider three methods. The first, the measurement
extrapolation Kalman filter (MEKF) is described in [9]. The
MEKEF filter essentially computes a correction term that is
added to the state estimation when the delayed measurement
arrives.

The second algorithm we consider, due to [1], operates in
a similar fashion to MEKF. This approach, denoted ZKF, is
designed to have minimum storage requirements, in response
to the large storage requirements of other methods.

The final method, ASKF uses state augmentation, con-
sidered the classical approach for delay problems [10]. State



augmentation proceeds by increasing the state space repre-
sentation to accommodate delayed measurements. In detail
the state of the system is now augmented as

a _ 1, T T T
Ty = [xt ’xt—l""’xt—A]>

where A is an upper bound for the delay. If we suppose that §;
is the delay of the {th measurement, the measurement vector
at each time ¢ becomes Y; = (yscs()), Where S(t) = {s :
0s + s = t}. This way constructing augmented forms for the
matrices C, ¢, R, () as described [10], leads to an algorithm
similar to a standard Kalman filter.

The State Augmentation approach is the most general one,
since it can handle all types of delay mechanics. Addition-
ally, the whole algorithmic description is quite clear, a fact
that allows easy implementation. However the computational
complexity and storage requirement of State Augmentation
increases linearly with with the lag. The ZKF algorithm, by
construction, has a steady storage requirement, irrespective of
the lag. However the storage as well as the computational re-
quirement grow quadratically with the number of simultane-
ous delayed measurements. Measurement Extrapolation can
also be regarded as efficient with respect to the extra storage
it requires, as it is steady and unaffected by the delay length.
However, the method is not generalised by [9] to the case si-
multaneous delayed measurements.

Now, we can consider taking each of these methods, and
introducing a threshold such that the delayed measurement is
only incorporated if the threshold is exceeded. In the case of
the MEKF algorithm if we denote with Tyigkr, the covari-
ance matrix of the delayed measurement to be incorporated at
time step k, for a previously delayed measurement y, for d
time ticks:

Var(K « (y* — Ciiy))
= K*(C’k*Pk*C,;r+Rk)*KT, ®)

TMEKF

that is updated from the moment a measurement is delayed up
until either the measurement arrives or the threshold condition
is satisfied. The matrix K is computed as follows

Ky = M Py, 1CJ [CsPys 1Oy + Re]™" (9)

where as analytically described in [9]:

d-1
M. =[] - Kp—iCr—i)®p—i_1. (10)
i=0
The derivation of yism is also described in [9].

The thresholding can be applied at each time the matrix
Tvekr 1 updated, using the respective components of the
product in Eq. (10), to calculate K. For the ZKF algorithm
the respective matrix is:

Trxr = Var(K(zs — Csdyp)
= K (CsPyCJ + Ro)K,] (11)

where the K, Cs and P,);, matrices are computed through the
recursion proposed in [1].

For the ASKF algorithm, however, a different threshold-
ing procedure can be used, by setting the size of the state aug-
mentation such that only the delayed measurements with lag
smaller than the augmentation size are incorporated. The de-
lays with larger lag will be automatically disregarded as miss-
ing values.

We conducted an experiment to examine how the thresh-
old value in the MEKF, ZKF case, and the augmentation size
in the ASKEF, affects the performance of the algorithms. We
should note that in the case of MEKF, and ZKF, the ’fusing or
not” decision, is made by comparing the value of the norms
ITvEekr|| and || Tzkr || respectively with the threshold, while
for the ASKF on the delay length.

4. EXPERIMENT

Since we are interested in the complete measurement vector
being delayed, it is sufficient to restrict attention to the case of
a univariate system equation, evolving as a random walk, and
a univariate observation equation, both as per equations (2)
and (1) with known error covariances. Our experiments have
constant delay probability, €, and lag uniformly distributed on
the integers 1 to 10.

There are two aspects of performance here. First we need
to measure the performance of the filtering method. In our
simulations, we refer to the error of a delay algorithm as the
mean absolute difference between the state estimates of the
delay algorithm and the state estimates of the baseline Kal-
man filter, estimated on the true undelayed data. Our perfor-
mance metric then computes the ratio of the error measure to
the error of the MKF. The second aspect we have to account
for is the impact of incorporating delayed measurements. We
account for this by tracking the proportion of delayed mea-
surements that are actually incorporated.

The plots in Figure 2 display the ratio of the performance
measure on the vertical axis and the ratio of delayed measure-
ments on the horizontal axis. The left-hand side plot refers
to SNR=0.05, while the right-hand side refers to SNR=0.25.
In general, we see that performance degrades when delayed
measurements are not incorporated. However, the nature of
this degradation appears to be related to the SNR. For the
smaller SNR, all algorithms exhibit similar behaviour, and we
see that 80% performance can be obtained incorporating as
few as 60% of delayed measurements. For the greater SNR
the degradation of performance is less marked although the
ZKF generally degrades faster than the other methods. How-
ever, 80% performance can still be achieved incorporating as
few as 50% of delayed measurements.
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Fig. 2. The effect of ratio of the delays fused on the algorithms performance for a random delay length between 1 and 10.

5. CONCLUSIONS

We have outlined aspects of the delay problem and some so-
lutions proposed to handle the problem. We note that the
characteristic policy adopted by such solutions — always in-
corporate delayed data — has theoretical optimality, but in-
duces both computational and storage overheads. In the sim-
ple context described above, we explore the merits of not al-
ways incorporating delayed measurements - only incorporat-
ing measurements that are in some sense informative. While
performance necessarily degrades, we find that it degrades
gracefully, and we can often obtain good performance for less
work.

In the disaster recovery scenarios that are the concern of
the ALADDIN project (www.aladdinproject.org),the
capacity for an agent to retain a good model of the world
while reducing the resource demands, is very desirable.
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